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ABSTRACT

Inverse problem theory deals with the problem of inferring properties of the

subsurface based on indirect physical measurements. Although inverse problem

theory can deal with complex a priori information in cases when samples from the a

priori pdf can be generated, it is rarely done in practice. Instead rather simple prior

constraints are often assumed, that may have little geological and petro-physical

justification. Hence the solutions to inverse problems are rarely consistent with

geological information. Geostatistics is a discipline where methods have been

developed for simulating realistic geological subsurfacestructures. The first

breakthrough was the application of classical covariance based geostatistics and

sequential simulation. In the recent years the applicationof multiple point statistics

have led to impressive simulation algorithms which can be used to simulate realistic

geological structures. We will make use of geostatistical simulation algorithms to

describe prior information for Bayesian formulated inverse problems. Using a

classical georadar cross borehole tomography inverse problem, we will show how

the a posteriori probability density function can be sampled, to provide solutions

to inverse problems that not only match observed geophysical data within their

uncertainties, but also the subsurface geology as described by the geostatistical

model of the prior information. From such a sample complex questions can be

answered probabilistically. The combination of geostatistics and inverse problem

theory can also significantly reduce the complexity of the inverse problem. We

demonstrate that when selecting an appropriate prior modelbased on geostatistics

the computational needs for solving the inverse problem canbe drastically reduced

(orders of magnitude in computational gain).
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INTRODUCTION

Consider a typical forward problem, where data observationsd are a function,g, of
some modelm (typically the subsurface)

d = g(m) (1)

Inverse problem deals with the problem of inferring properties of m, based on
observations ofd and some knowledge about the mapping functiong, typically
related to physical theory. Tarantola (2005) formulate a probabilistic approach
to solving inverse problems where a prior information is described the a priori
probability density function (pdf)ρM(m). A pdf describing the likelihood with
respect to the geophysical data observations is given byLM(m). The solutions to
such an inverse problem is a probability density function, denoted the a posteriori
pdf, and is given as a product of the a priori pdf and the likelihood:

σM(m) = k ρM(m) LM(m) (2)

In caseg is a linear function, and bothρM(m) and LM(m) can be described
by Gaussian statistics, Hansen et al. (2006) and Hansen and Mosegaard (2008)
propose a non iterative efficient approach, using sequential simulation, to generate
samples of the a posteriori pdf. It is however more common that g is a nonlinear
operator, and the Gaussian prior assumptions is rather restrictive.

Mosegaard and Tarantola (1995) suggest a modified Metropolis-Hasting Monte
Carlo algorithm for sampling the a posteriori distribution, σM(m), in caseg is
nonlinear, that allows for the inclusion of complex a prioriinformation.

Consider a Monte Carlo series, wheremn is a realization of the prior pdfρM(m),
andmn+1 is perturbed with respect tomn, but still a realization ofρM(m). Further
assume that the likelihood with respect to observed data canbe calculated as L(mn)
and L(mn+1) respectively. Thenmn+1 is accepted as a realization of the a posteriori
pdf with the probabilityPaccept:

Paccept=

{

1 if L(mn+1)>L(mn)
L(mn+1) / L(mn) otherwise

(3)

If mn+1 is accepted,mn becomesmn+1, otherwise the modelmn+1 is rejected.
After this rejection step eqn 3 is applied again. When this is performed iteratively,
the algorithm will sample the a posteriori pdf. In each iteration one thus needs
to perturb the current model, consistently with a priori information, compute the
likelihood of the perturbed model, and finally generate a random number between
0 and 1 to decide whether the perturbed model is to be accepted.

This methodology has been applied to many non-linear inverse problems, such as
Dahl-Jensen et al. (1998), Khan et al. (2000), Voss et al. (2006) but to name a few.
In all these studies the choice of prior model have been very simple.

Here we will consider using geostatistics to describe complex, and hopefylly
realistic, a priori information, and use this to solve non-linear inverse problems
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using the modified Metropolis-Hastings algorithm as suggested by Mosegaard and
Tarantola (1995).

Geostatistical optimization methods

Hu (2000,2002) and Le Ravalec-Dupin and Noetinger (2002) describe how the
gradual deformation method (GDM) can be used for optimization, in order to
generate a model consistent with for example geophysical observations and a prior
model based on 2-point statistics. Caers (2006) propose to use the probability
perturbation method (PPM) to generate model consistent with multiple point (and
2p) based statistics. Even though each generated model using these methods may
be consistent with both data observations and prior information, the variability of
such models is not ensured to match the variability given by the a posteriori pdf.
Thus, such a set of generated model (using different initialrandom seed) does not
provide a sample of the a posteriori pdf.

SAMPLING THE PRIOR PROBABILITY

Consider the a priori model described byρM(m). The only requirement for using
ρM(m) as a priori information to solve inverse problems, using themethodology of
Mosegaard and Tarantola (1995), is that one must be able to generate realizations
of ρM(m). In addition one must be able to gradually perturb a current model to
another model consistent with a priori information. The actual shape ofρM(m)
need not be known.

Geostatistical simulation algorithms are well suited for this task (Journel and
Zhang, 2006). 2-point geostatistical methods, based on Gaussian stochastic
models,ρM(m) can be completely described by a Gaussian model (using a mean
and a covariance). Using mp-geostatistics,ρM(m) is described by a training
image from which higher order statistics can be extracted. Realizations of 2p and
mp-geostatistical models can be efficiently generated using sequential simulation
(Gomez-Hernandez and Journel, 1993; Strebelle, 2002).

Perturbed simulation

We make use of a very simple form of gradually deforming a realization of the prior
pdf using ’perturbed’ simulation. We randomly remove a set of model parameters
from a realization, and re-simulate these data conditionalto the rest of the data:

1. In the current modelmi , select a region in the model space, and denote
all model parameters in this area as unknown,mu. The rest of the model
parameters are considered knownmk.

2. Perform sequential simulation ofmu, conditioned tomk. This generatesmi+1.
mi+1 is also a realization of the prior model.

3. Setmi=mi+1 and go to 1.

VIII International Geostatistics Congress 3
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Figure 1: Training image used to generate the reference model.black channel structures has a velocity
of 0.09 m/ns. The background velocity (white) has a velocity of 0.13 m/ns.

The previously mentioned GDM and PPM methods could also be applied in order
to sample the prior pdf. PPM is slightly more complex to use but will allow more
flexibility in the control of the degree of perturbation. GDMonly applies to 2 point
based simulation. The simple perturbed simulation approach outlined above offers
great flexibility in terms of selecting a region to re-simulate, and it is extremely
easy to use, and therefore we use this method to perform the gradual deformation
in the examples below.

BAYESIAN INVERSION USING A GEOSTATISTICAL PRIOR

Figure 1 shows a training image (TI), reflecting channel structures with a velocity
of 0.13 m/ns embedded in background material of velocity 0.09 m/ns. Figure 2
shows a realization based on the TI in Figure 1. We consider this as a reference
model. The reference model has a mean of 0.1189 m/ns, a variance of 3.2e-4, and
an exponential variogram model with a horizontal range of 6.6m, a vertical range
of 2.2 m and a sill of 3.2e-4 match a experimental semi-variogram of the TI. The
velocity field is a bimodal velocity field with P(m=0.09)=0.3and P(m=0.13)=0.7.

Mimicking a cross borehole geo-radar inversion problem, 20sources and 40
receivers are located evenly spaced vertically in two boreholes, located at x=1.25
and x=18m, Figure 2. Using the eikonal solution to the wave equation (Zelt and
Barton, 1998), first arrival times are computed for all 800 sets of source and receiver
and 3% uncorrelated Gaussian noise added. This data set of travel time data is the
observed data,dobs, in the following and shown in Figure 3

We consider four different models of prior information withan increasing level of
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Figure 3: Calculated first arrival travel time using the recording
geometry shown in Figure 2. 3% normally distributed
noise was added to the travel times.

prior statistical information:

PURE NUGGET Sequentual Gaussian simulation, with a pure nugget model (no spatial
correlation), and the correct mean and variance as obtainedfrom the training
image.

SGSIM Sequentual Gaussian simulation, using the correct mean, variance, and
covariance as obtained from the training image.

DSSIM Direct sequential simulation, using the correct mean, variance, covariance,
and target distribution as obtained from the training image.

TI Single normal equation simulation (SNESIM) using the training image in
Figure 1 (Strebelle, 2002).

4 independent realizations of the a priori pdf using the fourmethods described
above are shown in Figure 4.

As we assume Gaussian uncertainties,Cd, of the travel time data, the likelihood of
a model proposition,mi , can be calculated as:

Lmi (i) = exp(−0.5(g(mi)− tobs)
′Cd−1(g(mi)− tobs)) (4)

The modified Metropolis-Hastings algorithm is run for 35000iterations, and thus
35000 different models are considered for each choice of prior model. A randomly
selected area of 6x6 pixels is re-simulated at each iteration. Figure 5 show the
likelihood function as a function of iteration number for the four different choices
of prior model.

In the beginning the algorithm will be in the ’burn in’ phase,seeking a suitable
place in the model parameter space where a posteriori acceptable models can
be found. Once the likelihood stabilizes and varies around approximately
L-Nd/2=-400 (whereNd=800, is the number of data) the a posteriori pdf will
be sampled. The faster the burn in time, the more CPU efficientthe inversion
procedure.
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Figure 4: 4 unconditional realizations of the a priori pdf incase of top row) a pure nugget model, 2nd
row) SGSIM prior, 3rd row) DSSIM prior, and 4th row) trainingimage prior (from Figure 1).
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Figure 5: The likelihood of the currently accepted model as function of iteration number in the modified
Metropolis-Hastings algorithm for four types of a priori model.

Burn in has been accomplished at around 3000 iterations using the true TI and
around 15000 iterations for both the SGSIM and DSSIM prior. For the pure
nugget prior the algorithm is still in burn in stage a iteration number 35000. If the
linear trend in -log(L) observed from iteration number 5000is extrapolated, burn
in will we accomplished around iteration number 330000. This simple example
thus suggest that assuming a pure nugget model results in a 330000/5000=66
times computational overhead as compared to using the true TI. Relying on
2p-geostatistical algorithms, using the true semi-variogram model is many times
more efficient than using a pure nugget model. For both the SGSIM and DSSIM
prior the burn in has been accomplished around iteration number 10000-15000. In
other words the results indicate that the more consistent the prior model is with
the actual subsurface the smaller are the computational requirements needed to
generate a posteriori samples.

Note that at the iteration number of burn in, only one realization of the posterior
is obtained. To obtain a new independent realization, enough iterations must be
performed such that two realizations becomes independent.

Figure 6 shows the currently accepted models at iterations number 8000, 16000,
24000 and 32000 for the four types of prior models. Comparingto Figure 4 it is
clear that high and low velocity structures tend to be focused in corresponding areas
of the reference model, Figure 2, except for the case using a pure nugget prior.

In the 35000 iterations no independent realizations were generated using the
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Figure 6: 4 models from generated by the modified Metropolis-Hastings algorithm at iteration number
20000,25000,30000 and 35000 in case considering an a priorimodel based on: top row) a
pure nugget model, 2nd row) SGSIM prior, 3rd row) DSSIM prior,and 4th row) training
image prior. Compare to the unconditional realizations of theprior pdf of Figure 4
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pure nugget prior. Using the SGSIM, DSSIM and TRUE TI prior, independent
realizations were obtained for every 15000, 6000, and 2500 time steps after burn in
respectively

All in all 1, 4, and 14 independent realizations of the a posteriori pdf was obtained
using the SGSIM, DSSIM and TRUE TI prior during the 35000 timesteps, and
none using the pure nugget prior.

Even though burn in is accomplished around the same iteration number using
SGSIM and DSSIM priors, the use of DSSIM prior is more than 3 times as efficient
as using an SGSIM prior in terms of generating independent realizations. Using
the true TI is 14 times as efficient as using SGSIM and about 3 times as efficient as
using DSSIM.

Thus using the true TI prior, all four models in Figure 6 (bottom row) are
independent realizations of the a posteriori pdf. This is enough to illustrate
that such realization can provide the base of a statistical analysis of complex
statements such as S1:”A high velocity layer at location (1,23) is connected to a
high velocity layer at location (20,19)”. Whether this statement is correct can be
easily probabilistic answered simply by counting the number of occurrences of S1.

P(S1|ρTrueTI)= 12/14 = 0.85

It is thus highly probable that statement S1 is correct considering the true TI as
prior model. From the reference model, Figure 2, we can see that statement S1 is
indeed correct. Using the DSSIM prior, we only found 4 independent realizations
and therefore the statistical analysis is quite weak, but wefind:

P(S1|ρDSSIM)= 0/4 = 0

Thus even though data observations can be fitted within theiruncertainties, using
both the true TI and DSSIM as prior information, it is not desirable to try to
extract higher order statistics, such as P(S1), using a covariance based prior model.
This is because covariance based simulation assume maximumentropy, while the
subsurface is in this case really better described by a low entropy TI (Journel and
Zhang, 2006). One should only trust higher order statisticsfrom covariance based
simulations if there is reason to expect high entropy.

CONCLUSIONS

We have shown how both 2-point covariance based, and multiple point training
image based geostatistical algorithms can be used as a priori information to sample
the a posteriori distribution of non-linear inverse problems.

This enables generation of actual samples of the a posteriori pdf, from which rather
complex information can be extracted simply by counting theoccurrences of a
considered event, from a sample of the a posteriori pdf. We have also illustrated that
the high entropy assumption associated with covariance based simulation, makes
it unusable for inferring higher order statistics from the aposteriori pdf for a case
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when the subsurface is really lower entropy.

It might be tempting to assume as little as possible when solving an inverse
problem. However, we have shown that an a priori choice of no spatial correlation,
leads to an extremely inefficient sampling. The use of reasonable model of
spatial correlation, even based on 2 point geostatistics, reduce the computational
complexity by an order of a magnitude. We also found that the choice of prior
model most consistent with the subsurface (when using the actual training image
used to generate the reference model) provided both the mostcomputational
efficient burn in and sampling.
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